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Abstract. This work is motivated by an investigation into whether, and if so how, certain well 
known facts about Lie groups manifest in the context of group schemes over rings of integers 
of local fields. There are the following well-known relations among unitary, orthogonal and 
symplectic groups: 

U(n, R) = 0(2n, R) n GL(n, C) = Sp(2n, R) n GL(n, C). 

Therefore, it is natural to ask whether or not there exist such relations among smooth integral 
models of unitary, orthogonal and symplectic groups defined over a local field. Moreover, if there 
do not exist such relations, it would still be worthwhile if one can identify the properties of a 
hermitian form that lead to failure. We answer all these questions in this paper. 

1. Introduction 

This paper is motivated by an investigation into whether, and if so how, certain well known 
facts about Lie groups manifest in the context of group schemes over rings of integers of non- 
Archimedean local fields. 

If /i is a nondegenerate hermitian form on a complex vector space, then the real part bi of /i is a 
symmetric form on the underlying real space, and the imaginary part &2 of /i is a skew-symmetric 
real form. In addition, they are related by bi{iv,w) = b2{v,w). These facts induce the following 
well-known relations among unitary, orthogonal and symplectic groups: 

U(n, M) = 0(2n, M) n GL(n, C) = {g e 0(2n, R) : J ■ g = g ■ J} 

and 

U(n, R) = Sp(2n, R) n GL(n, C) = {g e Sp(2n, R) : J ■ g = g ■ J}. 

Here, J is a complex structure. Furthermore, if we replace R and C by F and K, where F is a 
non- Archimedean local field and K is a quadratic field extension of F, the above relations remain 
true. Therefore, it is natural to ask whether or not there exist such relations among smooth 
integral models of unitary, orthogonal and symplectic groups defined over a local field. Moreover, 
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if there do not exist such relations, it would still be worthwhile if one can identify the properties 
of a hermitian form that lead to failure. 

In this paper, we answer all these questions. Specifically, Section 5 describes relations between 
smooth models associated to appropriately related unitary and orthogonal groups, while Section 
6 does the same in the context of unitary and symplectic groups. 

2. Notations 

Notations and definitions in this section are taken from [6] and [3]. 

• Let -F be a non- Archimedean local field with A its ring of integers and k its residue field. 

• Let K he a quadratic field extension of F with B its ring of integers. 

• Let p be the residue characteristic of F. 

• Let a be an element of B such that B = A[a]. 

• Let a be the non-trivial element of the Galois group Gal{K/F). 

• Say /3 = a ■ a{a). 

• We consider a i?-lattice L with a hermitian form 

h : L X L ^ B, 

where h{a ■v,h-w) = a{a)h ■ h{v, w) and hlw, v) = (j{h{v, w)). We denote by a pair (L, h) 
a hermitian lattice. Assume that V = L ®a F is nondegenerate with respect to h. 

• Let G be the reductive algebraic group over F such that 

G{R) = A\xiK®pR{V ®F R, h (g)F R) 

for any commutative F-algebra R. 

• Let G' be a naive integral model of G such that for any commutative 74-algebra R, 

G'(ii) = AutB^ML ®A R, h (g)A R). 

• Let G be the smooth group scheme model of G such that 

G{R) = G'{R) 

for any etale 74-algebra R. Notice that G is uniquely determined with these properties by 
Proposition 3.7 in [6]. 

From now on, the pair (L, h) is fixed throughout this paper. 
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3. Description of G and G 

For any v,w £ L, we write h{v,w) = bi{v,w) + a ■ b2{v,w) where hi{v,w) € A for i = 1,2. 
In general, bi is ^d-bilinear but not necessarily symmetric. From this section until Section 5, 
we assume that bi is a symmetric bilinear form defined over the vector space V . Under this 
assumption, it is easy to see that a{a) = —a. Conversely, in order that bi is symmetric, a should 
satisfy the condition a{a) = —a. Let q be the quadratic form on the A-lattice L associated to 
the symmetric bilinear form 6i, so that 

q(y) = bi{v,v). 

Then V = L (8)^ F is nondegenerate with respect to q as well as bi. Notice that b2{v,w) is a 
nonsingular alternating bilinear form defined over the F-vector space V and is characterized by 

b2{v,w) = ^bi{av,w). 

On the other hand, the element a £ B defines the ^-linear homomorphism 

a : L — > L, f I— 7- av. 

Based on this, the Weil restriction of scalars Resx/FGL/^(L ®b K) is isomorphic to the closed 
subgroup scheme of GLpiy) satisfying the equation m-a = a-m, where m G GLp{V){R) for any 
commutative F-algebra R. If we consider 0{V,q) and Resx/FGLi^(L (^b K) as closed subgroup 
schemes of GLf(V^), then the algebraic group G can be identified as follows: 

G = 0{V, q) n Resx/FGLK(L ®b K) = {g e 0{V, q) : a ■ g = g ■ a}. 

Similarly, by considering Aut^(L, q) and Res^/^GLB(L) as closed subgroup schemes of Autyi(L), 
a naive integral model G' can be identified as follows: 

G'(i?) = Autij(L(g)Ai?,g«)yi^)nResB/^GLB(L)(i2) = {g e AutR{L(E)AR,q®AR) ■a-g = g-a} 

for any flat ^-algebra R. Therefore, G is the smooth group scheme model of 0{V, g)nRes^/^GL/4-(L(8)B 
K) such that 

G{R) = AutB{L0AR,q(S>AR)r\ResB/AGLB{L){R) = {g £ Aut r{L ® a R,q(S) a R) :a-g = g-a} 
for any etale A-algebra R. 
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Let Gq be a naive integral model of the orthogonal group 0(F, g), where V = L (g)^^ F, such 
that for any commutative ^-algebra R, 

Gj_{R) = AutK(L ®A R, q (^A R)- 

Clearly, there exists a morphism G' —?■ Gq'. Thus, by functoriality of smooth integral models, 
this morphism gives the morphism G—^Gq, where Gq is the smooth model associated to Gq'. 

4. Review : Construction of Smooth models associated to Quadratic lattice 

In this section, we review the construction of a smooth model associated to a quadratic lattice. 
Our exposition follows that of [6] and [2]. Choose a quadratic A-lattice (L, q) and denote by / the 
rank of A-lattice L. Assume that p ^ 2 ([6]), or that p = 2 with F an unramified finite extension 

ofQs m)- 

According to the papers [6] and [2], the first step of the construction of a smooth integral model 
is to find a suitable functor M_ from the category of commutative ^-algebras to the category of 
monoids. The functor M_ is represented by a unique flat algebra A(M) which is a polynomial ring 
over A of variables (Section 5.2 in [6] and Section 3.2 in [2|). Then the functor R i— )■ M(R)* 
is represented by the group scheme M* which is an open subscheme of M. The next step is to 
construct a functor Q such that Q{R) is the set of quadratic forms on L ®a R satisfying certain 
conditions for any flat A-algebra R (Section 5.4 in [6] and Section 3.3 in [2]). The functor Q is 
represented by a polynomial ring over A of /(/ + l)/2 variables. Note that the fixed quadratic 
form q is an element of Q{A). 

Then the group M*(R) acts on the right of Q{R) by / o m = *m • f ■ m, where / € Q{R) and 
m € M*(R), and this action is represented by an action morphism Q x M * — > Q (Section 5.4 
in [6] and Theorem 3.4 in [2]). 

Finally, the morphism p : M * — t- Q defined by p{m) = q om is smooth and the smooth model 
Gq is the stabilizer of q in M * (Theorem 5.5 in [6] and Theorem 3.5 in [2]). 

The proof of smoothness of the morphism p is reduced to prove the following lemma (by 
Theorem 5.5 in [6]): 

Lemma 4.1. (Lemma 5.5.2 in [6] and Lemma 3.6 in [2|J The morphism p®K, : M* ® k — t- QiS)k 
is smooth. 
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We explain an outline of the proof of the lemma. We may assume that k = k is algebraically 
closed. Then, it suffices to show that, for any m € (M')*(R), the induced map on the Zariski 
tangent space /9*^m : Tm — > T'p(m) is surjective. 

Define two functors from the category of commutative flat 74-algebras to the category of abelian 
groups 

Ti{R) = {m-l:m£ M{R)}, 

T2{R) = {f-q:fe QiR)}. 

The functor Ti (resp. T2) is representable by a flat A-algebra which is a polynomial ring over 
A of P (resp. l{l + l)/2) variables and they have the structure of a commutative group scheme 
by showing that they are closed under addition. 

In addition, define a suitable functor T3 represented by a polynomial ring over A of P variables. 

Then we identify TJ^, with and Tp(jyi^ with T2(k). The map /5*,m • ^m. — ^ '^p{m) is then 

X m'' ■ q ■ X + X* ■ q ■ m, where the sum and the multiplication are to be interpreted as in 
Section 5.3 of [6]. 

The proof of this lemma follows by verifying the next three statements: 

(1) X q ■ X is a bijection Ti{R) — )• T3(k); 

(2) for any m € M*(R), Y *m • y is a bijection from T^iH) to itself; 

(3) y *y + y is a surjectlon TsiR) T2{R). 

5. Main result-hermitian and quadratic lattices 

In this section, we state the first main result which describes relations of smooth models 
associated to a hermitian lattice and a quadratic lattice. Assume that bi is symmetric. Recall 
that the quadratic form q is characterized by q{v) = bi{v,v). Let n be the rank of i?-lattice L. 

Assume that the smooth model Gq associated to (L, q) is constructed using the method ex- 
plained in Section 4. That is, we assume that Gg is constructed based on M_, M_* ,Q, p,Ti,T2,T3. 
For instance, it is constructed explicitly when p 7^ 2 ([S]) or when p = 2 with F an unramified 
finite extension of Q2 ( ) • 

We define the functor M' from the category of commutative flat A-algebras to the category of 
monoids as follows. For any commutative flat A- algebra R, set 

M!{R) = {me K{R) ■■m-a = a- m}. 
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The functor M_' is representable by a unique flat ^d-algebra A( M' ) which is a polynomial ring over 
A because the functor M is representable by a polynomial ring over A. Moreover, the relative 
dimension of M_' over Spec A is the same as that of its generic fiber. To compute the dimension 
of the generic fiber of M', let (ei, ■ ■ ■ ,6^) be a basis of the given i?-lattice L. Then choose a 
basis (ei, • • • , Cfi, O! • ei, ■ ■ ■ , cx • €n) of the j4-lattice L. With this choice of basis, 



where idn is the identity matrix of size (n x n). Let m be an element of M_{R) for an F-algebra 
R. We express the element m by a matrix with respect to the basis chosen above as follows: 



Therefore, the relative dimension of M' over Spec A is 2n^. 

M ' has the structure of a scheme of monoids by showing that M_'{R) is closed under multiplication. 
Then the functor R M^{R)* is represented by a group scheme [M'Y and (M'Y is an open 
subscheme of M' and is smooth over A. 

We define the functor Q' from the category of commutative fiat j4-algebras to the category of 
monoids as follows. For any commutative flat j4-algebra R, set 



Here, / o a{v) = f{a{v)). Then the functor Q' is represented by a flat A-scheme which is a 
polynomial ring over A since Q is represented by a polynomial ring over A. The dimension of 
the affine space is the same as that of its generic fiber. To compute its dimension, express / by 
a matrix with respect to the above basis as follows: 



where x, y, z are (n x n)-matrices and x, z are symmetric. Here, *y means the transpose of the 
matrix y. Then / satisfies ■ f ■ a = j3 ■ f and this induces the following easy equations: 

^•x = z,y + *y = 0. 





where a, h, 



c, d are (n x n)-matrices. Then m satisfies the following easy equations: 



a = d,b + 13 ■ c = 0. 



Q'iR) = {feQ{R):foa = /3-f}. 
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Therefore, the relative dimension of Q' over Spec A is n?. Note that our fixed quadratic form q 
is an element of Q'{A). 

Then for any flat A-algrbra R, the group (M')*(R) acts on the right of Q'{R) by fom = ^m-f-m 
and this action is represented by an action morphism 

Q' X (M')* Q'. 

We now state the following conjecture. 

Conjecture 5.1. Let p' he the morphism {M'Y Q' defined by p'{m) = q o m. Then p' is 
smooth of relative dimension dim G. 

Under the assumption that the conjecture is true, the following corollary is obvious. 

Corollary 5.2. Assume that the above conjecture is true. That is, p' is smooth of relative 
dimension dim G. If we denote by G the stabilizer of q in (Ad')* , then the group scheme G is 
smooth, and 

G{R) = AutniL (g>A R, q(g>AR)n ResB/^GLs (L)(i?) 
for any etale A-algebra R. Moreover, 

G = G^niM!)* 

and 

G{R) = {ge G^{R) ■.a-g = g-a} 
for any flat A-algebra R. Here, we are considering Gq and (M'Y as closed subschemes of M* . 

The conjecture is true for the cases where the smooth model Gq associated to q is constructed 
in literature and [5]). We prove this for such cases below. 

Theorem 5.3. Assume that p = 2. The conjecture is true if F is an unramified finite extension 
o/Q2- Notice that bi cannot be symmetric if K/F is unramified. 

Proof. Based on Theorem 3.5 in [2j, it suffices to show that the morphism p' ® k : (M'Y (8) k ^ 
Q' (8) K is smooth of relative dimension dim G. 

We use the functors Ti,T2,T3 defined in Lemma 3.6 of [2]. We define three functors from the 
category of commutative flat A-algebras to the category of abelian groups as follows: 

T'^(R) = {?n - 1 : m G M'(i?)} = {m - I (^Ti(R) : a ■ (m - I) = (m - I) ■ 5}, 
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T^iR) = {f-q:fe Q[{R)] = {f-qe T^iR) : (/ - g) o 5 = /3 • (/ - q)}. 

Tf,{R) = {y e n{R) -Ja ■ y ■ a = P ■ y}. 

These three functors are representable by flat j4-algebras which are polynomial rings over A of 
2n^,n^,2n^ variables, respectively, and they have the structure of commutative group schemes 
by showing that they are closed under addition. 

Then, based on the proof of Lemma 4.1, it suffices to show the following three statements: 

(1) X q ■ X is a bijection T[{R) T^{k); 

(2) for any m G (M')*(R), Y i— > *m • y is a bijection from T.^{R) to itself; 

(3) y *y + y is a surjectlon T^(k) T^(k). 

For (1), we first observe that two functors T[ and Tg are representable by flat affine schemes. 
Therefore, it suffices to show that the map 

T[{R)^T!,{R),X^q-X 

is bijective for a flat ^d-algebra R. To prove this, it suffices to show that the map T[[R) — )• 
TI^{R),X ^ q-X and the map T.^{R) T{{R), Y ^ q~^ -Y are well-defined for all flat A-algebra 
R. 

For the first map, it suffices to show that ■ {q ■ X) ■ a = (3 ■ [q ■ X) because q ■ X ^ T-^[R). 
This can be proved easily by using definitions of T{, Q, Tg. 

Similarly, it can be proved that the second map is well-defined as well. 
For (2), it suffices to show that the map 

Tl^{R) — > Tf^{R),Y ^ *m • Y, for any m G {M')*{R), 

is well-defined so that its inverse map Y i— )■ *m~^ • Y is well-defined as well. Notice that for any 
flat A- algebra R, the group M*(R) acts on the right of T3(i2) by y o m = *m • y (in the proof of 
Lemma 3.6 in [2]) and this action is represented by an action morphism 

Tg X M* — > T3. 

Moreover, for elements m G (Ad')*(R) and Y G T^{R), where i? is a flat A-algebra, we have 
the following equation: 

*5 - (*m-y) - 5 = /?• Cm-Y). 
Therefore, the above action morphism induces the following action morphism 

T3 X {M'y — > T^. 
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This proves that the desired map is well-defined. 

For (3), we first notice that the dimension of T^{k,) is and that of T2{k) is n^. In addition, 
the map T^{k) — > T2(k) is K-linear. Therefore, it suffices to show that the dimension of the kernel 
of the morphism T^{k) T2{R) is n^. 

Define a functor T4 from the category of commutative ^-algebras to the category of abelian 
groups as follows: 

Ti{R) = Kernel of the map : T^{R) — > T^[R) ,Y ^ '^Y + Y . 

Let rii = rank^Lj and so n = rank^L = X^n^. We choose a Jordan splitting L = ^^Li and a 
basis of (L, h) as explained in Theorem 2.8 of [3]. Let (ei, • • • , e„.) be a basis of the i?-lattice Lj. 
Then choose a basis (ei, • • • , e^. , aei, • • • , ae^.) of the A-lattice Lj. With respect to this choice 
of basis. 



-/3-idni 

where idn; is the identity matrix of size (n^ x Ui). Therefore, 



a = \ ai 

with oii for the (i,i)-block and for remaining blocks. 

Then it is obvious that T4 is represented by a flat algebra which is a polynomial ring over A 
as well. Thus the dimension of T'^{R) is the same as that of the generic fiber of T'^. Now it is easy 
to compute that the latter is n^. □ 

Theorem 5.4. The conjecture is true if p 7^ 2. Notice that if p / 2, there exists a suitable choice 
of a which induces hi to he symmetric. 

The proof of this theorem is similar to that of the above theorem and is left to the reader. 

Remark 5.5. To summarize, 

(1) Assume that p = 2. The conjecture is true if F is an unramified finite extension of Q2. 
Notice that hi is symmetric for an appropriate a if K/F is ramified. However, 61 cannot 
be symmetric if K/F is unramified. 

(2) The conjecture is true if p ^ 2. 
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6. Main result-hermitian and symplectic lattices 

In this section, we state the second main result which describes relations of smooth models 
associated to a hermitian lattice and a symplectic lattice. We keep the notation from the previous 
section. Notice that the bilinear form 62 is always alternating and V = L (8)a F is nondegenerate 
with respect to 62. We emphasize that we do not require that 61 is symmetric. The bilinear form 
bi is characterized as follows: 

bi{v,w) = —b2{av,w). 
Therefore, the algebraic group G can be identified as follows: 

G = Sp{V, 62) n ResK/pGLKiL (^b K). 

Similarly, we have the following bijection: 

G'(i?) = kvLiR{L®ARM'^AR)r\KesB/AGl^B{L){R) = {g e Aut r{L (g) a R,b2<S) a R) ■ a-g = g-a) 

for any flat A-algebra R. Therefore, G_ is the smooth group scheme model of Sp(y, 62) H 
Res^/P'GLx(L ®b K) such that 

G{R) = Aut r{L® A R,b2(E) A R)r]ResB/AGLB{L){R) = {g e Aut r{L ^ a R,b2(^ a R) : a-g = g-a} 

for any etale 74-algebra R. 

Let Gfjj' be a naive integral model of the symplectic group Sp(y, 62), where V = L i^a such 
that for any commutative A-algebra R, 

Gb^'jR) = Aut r{L ^a R, b2 ®A 

Clearly, there exists a morphism G' — t- G^j'. Then, by functoriality of smooth integral models, 
this morphism gives the morphism G — t- G^j, where Gh2 is the smooth model associated to G^j'. 

The construction of G^j is similar to that of Gq. For an explicit construction, we refer to 
Section 5 of [6]. 

Assume that G^^ is constructed based on M, M*,A, p, Ti .T^^T^k as explained in Section 4. 
Caution that we take a functor instead of Q, such that A{R) is the set of alternating forms on 
L ^A R satisfying certain conditions for any flat ^-algebra as explained in Section 5.2 of [6]. 
Note that we have treated quadratic lattices in Section 4 and the same method can be applied 
to construct G^j (Section 5 of [6]). 
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We define the functors M' and A' on the category of commutative flat ^-algebras as before 
(Section 5). Namely, for any commutative flat ^-algebra R, 

M^{R) = {me M_{R) ■■m-a = a- m}, 

A!{R) = {f£A{R):foa = /3.f}. 

Here, foaiv) = f{a{v)). Then both of M' and -A' are represented by unique flat yl-algebras which 
are polynomial rings over A. Moreover, the relative dimensions of M_' and -A' over Spec A are 
the same as those of their generic fibers and they are 2n^ and n^, respectively. These dimensions 
can be computed similarly as in Section 5. 

M ' has the structure of a scheme of monoids by showing that M^{R) is closed under multi- 
plication. Then the functor R M'(ii)* is represented by a group scheme (M')* and (M')* is 
an open subsclieme of M_' and is smooth over A. Note that our fixed alternating form 62 is an 
element oi A'{A). 

Then for any flat A-algrbra R, the group (M')*(R) acts on the right of A'{R) by forn = ^m-f-m 
and this action is represented by an action morphism 

a; X {M'y A'. 

Our setting is similar to that of Section 5. Thus the following question naturally arises: 

Question 6.1. Let p' be the morphism (M')* — > A' defined by p'{m) = 62 ° "i. Is p' smooth of 
relative dimension dim G? 

In general, the answer to Question 6.1 is no. If K/F is ramified with p = 2, this is no longer 
true. As a counter-example, choose a hermitian lattice L having a Gram matrix ^1^ . Then it is 
easily seen that the fiber of 62 in (M'Y under the morphism p' is not smooth. This induces that 
p' is not smooth. However, this question is true in other cases. 

Theorem 6.2. The morphism p' is smooth of relative dimension dim G if K/F is unramified 
with p = 2. 

Proof. We define three functors from the category of commutative flat A-algebras to the category 
of abelian groups as follows: 

T[{R) = {m - 1 : m G M'(ii)} = {m - 1 e Ti{R) : S ■ {m - 1) = {m - 1) ■ 5}, 

niR) = {/ - 62 : / e A!{R)} = {/ - 62 e UR) : (/ - 62) o 5 = /3 • (/ - 62)}. 
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T!,(R) = {y eT^{R) -.'a ■ y - a = P ■ y]. 
Then it suffices to show the following three statements: 

(1) X ^ q - X is a. bijection T[[k) T^{R)] 

(2) for any m € (MO*(k), Y i-)- *m • y is a bijection from T^{R) to itself; 

(3) y *y + y is a surjectlon T^(k) T^(k). 

The rest of the proof is similar to that of Theorem 5.2 and so we will omit it. □ 

If p 7^ 2, the answer to Question 6.1 is yes and its proof is similar to the above. We state this 
as the following theorem: 

Theorem 6.3. The morphism p' is smooth of relative dimension dim G if p ^ 2. 

To summarize, we have the following theorem. 

Theorem 6.4. (1) Assume that K/F is unramified or that p ^ 2. Then, the morphism p' is 
smooth of relative dimension dim G. Let G be the stabilizer 0/62 (M')* . The group 
scheme G is then smooth, and 

G{R) = Autij(L (g)A R, 62 R) n ResB/AGLB{L){R) 

for any etale A-algebra R. Moreover, 

G = Gb^r\ (m!)* 

and 

G{R) = {ge Gi^{R) :a-g = g-a} 

for any fiat A-algebra R. Here, we consider Gb^ and (M')* as closed subschemes of M* . 
(2) If K/F is ramified with p = 2, then the morphism p' is not necessarily smooth. 

Remark 6.5. (1) As we have seen in this section, if K/F is ramified with p = 2, then 
Gh2 n (M')* is no longer smooth. The reason explaining this is the following: 
We define the dual lattice of L with respect to 62, denoted by L^, as follows: 

L^ = {x e L^aF : 62(2;, L) C A}. 

Similarly, we define the dual lattice of L with respect to h, denoted by Lj^, as follows: 

Lb = {x e L®aF : h{x, L) C B}. 
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Recall that we have assumed that is constructed based on M. Assume that G is 
constructed based on M ([6] and [3]). Based on Section 5 of [6], M is characterized as 
follows: 

M{R) = {me Endi?(L (g)A R) ■ m{L\ (g)^ R) C L\ <^a R}, 

for any commutative flat ^-algebra R. Then, M' is characterized as follows: 

M'(i?) (= {m G M_{R) ■.m-a = a- m}) = {m G ^\\dB®AR{L ®a R) ■ ^{1^ ®a R) C ®a R}- 

Based on [3] and Section 5 of 0, M = M' if K/F is unramified or p ^ 2. Otherwise, 
that is, if K/F is ramified with p = 2, it is not necessary that M_ = M ' . 
(2) We briefly explain which properties of (L, h) should be reflected in the construction of 
M when (L, h) is a ramified hermitian lattice with p = 2. From now on, we assume that 
p = 2 and that K/F is a ramified quadratic field extension with F an unramified finite 
extension of Q2. Assume that a Gram matrix of (L, h) has a unit determinant. (Thus, L 
is TT^-modular. For the definition of a vr^-modular lattice, see Definition 2.1 of [3]). Then 
there exist the following properties of (L, h): 

(a) The function 

q mod 2 : L/ttbL — h{x, x) mod 2 

is an additive polynomial. This fails when K/F is unramified or p 7^ 2. Let Bq be 
the sublattice of L such that Bq/ttbL is the kernel of this function. Then for all 
element g G AutB(-J/, h), g induces the identity on L/Bq. 

(b) Assume that the above additive polynomial defined over L/ttbL is not trivial. That 
is, Bq ^ L. Then the bilinear form h mod ttb on the K-vector space L/vr^L is 
nonsingular symmetric and non-alternating. It is well known that there is a unique 
vector e G L/ttbL such that h{v,ef' = h{v,v) mod ttb for every vector v G L/ttbL. 
Then for all element g G AutB{L, h), g fixes the vector e. 

For an explicit construction of M, we refer to [3] . 
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